Abstract. Let D be an integral domain with quotient field K. For any set X, the ring Int(D X ) of integer-valued polynomials on D X is the set of all
In this paper we also consider a related problem, that of finding a D-algebra presentation of Int(D) by generators and relations. This problem is motivated by results in the existing literature on integer-valued polynomial rings as follows. First, a presentation for Int(Z X ) for any set X is given in [12] , where the presentation is used to provide several equivalent conditions for a ring to be binomial in the sense of [18] . In [6] it is shown that, for any finite extension K of the field Q p of p-adic rational numbers, one can construct from any Lubin-Tate formal group law F ∈ O K [[X, Y ]] a minimal set {f i : i ≥ 0} of generators of Int(O K ) as an O Kalgebra. (For example, if K = Q p and F = X + Y + XY , then f i = X p i for all n.) However, we do not know a complete set of relations for the generators f i . A more well-known result, [3, Proposition II.3.14] , implies that, for any Dedekind domain D such that Int(D) has a regular basis, Int(D) is generated as a D-algebra by the q n th q-Fermat polynomial F
•n q = F q • F q • · · · • F q for all positive integers n and all prime powers q, where F q = X q −X πq and π q is any generator of Π q . The question of the relations among these generators has not been raised. To this end we show in Theorem 5.5 that the obvious relations (F
are a complete set of relations for the generators F
•n q of Int(D). More generally, Theorem 5.5, for a large class C of domains D, including the Krull domains D for which Int(D) has a regular basis, provides for any set X a complete set of generators and relations for the D-algebra Int(D X ), using an apporpriate generalization of the q-Fermat polynomials.
A nontrivial application of this algebra presentation of integer-valued polynomial rings is as follows. It is known that a ring A is isomorphic to a quotient of Int(Z X ) for some set X if and only if the endomorphism a −→ a p of A/pA is the identity for every prime number p [12, Theorem 4.1]. Theorem 7.5 generalizes this by showing that, for any integral domain D and any (commutative) D-algebra A, if D is in the class C mentioned above or if A is D-torsion-free, then the following conditions are equivalent.
(1) A is isomorphic to a quotient of Int(D X ) for some set X.
of A/pA is the identity for every t-maximal prime ideal p of D of finite norm N (p) = |D/p|. (The t-maximal ideals of an integral domain are defined in Section 3.) Our proof of the equivalence of conditions (2) and (3) above for domains in the class C uses the presentation of Int(D) mentioned above in an essential way; for this reason we suspect that the equivalence does not hold for all Dedekind domains D and all D-algebras A, although we do not know a counterexample.
One of the main tools we use in this paper is that of a star operation, or ′ -operation, introduced by Krull in [16, Section 6 .43], on fractional ideals. Specifically, we use the well-known star operations of divisorial closure, t-closure, and w-closure. These are immensely useful for generalizing known results on Dedekind domains and Noetherian domains to larger classes of domains. All of the definitions and facts we need are summarized in Section 3; proofs can be found in [13] , which is a classic reference on multiplicative ideal theory.
The main results in this paper-those results labeled "Theorem"-are Theorems 3.4, 3.6, 4.2, 4.3, 5.5, 6.3, 7.5, and 8.1. In Section 2 we provide a D-algebra presentation for Int(D) when D is a finite dimensional local domain with principal maximal ideal. In Sections 3 and 4 we generalize the results in [3, Sections II.1 and II.3], which focus on Dedekind domains, to much larger classes of domains. There we define and prove new results on the characteristic ideals and factorial ideals of a domain, as well as its Pólya-Ostrowski group, which we define when the factorial ideals are t-invertible. In Section 5 we find a D-algebra presentation of D when D is in a large class C of integral domains, including all Krull domains such that Int(D) has a regular basis. Finally, in Sections 6 through 8 we apply our previous results to the study of D-algebras that are isomorphic to Int(D X ) for some set X, and also to D-algebras A such that for every a ∈ A there is a D-algebra homomorphism Int(D) −→ A sending X ∈ Int(D) to a.
All rings and algebras in this paper are commutative with identity. For any ring R, and for any f ∈ R[X] and any nonnegative integer n, we let f
•n denote the n-fold composition of f with itself, where f
•0 = X.
The local case
In this section we find a D-algebra presentation for Int(D) when D is a finite dimensional local domain with principal maximal ideal.
Lemma 2.1. If B ⊇ A is an integral extension of rings, and if a ∈ A is a nonzerodivisor, then a is a nonzerodivisor in B.
Proof. This is clear. Proposition 2.2. Let D be a local domain with principal maximal ideal πD and finite residue field of order q. Let
is surjective, and if D has finite Krull dimension then ker ϕ is equal to the ideal I generated by
Proof. The homomorphism ϕ is surjective by [3, Remark II.2.14] and the proof of [3, Proposition II.3.14] . Suppose that D has finite Krull dimension. For any positive integer n, let
. One has ϕ(A n ) = B n , so ϕ restricts to a surjective homomorphism ϕ n : A n −→ B n . Moreover, one has ker ϕ = n ker ϕ n . It therefore suffices to show that ker ϕ n = J n , where J n is the ideal in A generated by X q k − X k − πX k+1 for 0 ≤ k ≤ n− 1. Clearly J n is contained in ker ϕ n , so we have a surjective ring homomoprhism
where A ′ n = A n /J n . We must show that ker ψ n = 0. Now, A 
is an inclusion of rings. Therefore A ′ n is a domain, so the kernel of ψ n , being a minimal prime in A ′ n , is zero.
We do not know if the hypothesis in Proposition 2.2 of the finite dimensionality of D is necessary. 
and c 1 (a) = a; moreover, for each n one has c n (a) = f n (a) for all a ∈ D for a unique f n ∈ Int(D), and deg f n ≤ n [6] . By [6, Theorem 3.1] one has
and in fact {f q i : i ≥ 0} is a minimal set of generators of Int(D) as a D-algebra, where q is the cardinality of the residue field of D. For example, if K = Q p and F = X + Y + XY , then f n = X n for all n, and in that case a complete set of relations among the f n is known. However, for general K and F we do not know a complete set of relations for the f n . Such a complete set of relations would provide an alternative D-algebra presentation for the ring Int(D) in this case. (1) I ⊆ I * = (I * ) * , and
For any star operation * one also has the following.
We will make use of the following important star operations. First, the d-closure star operation d is the identity operation. The divisorial closure star operation v, also known as the v-operation, acts by v : I −→ I v = (I −1 ) −1 . The t-closure star operation t acts by t : I −→ I t = {J v : J ⊆ I and J is finitely generated}.
Finally, the w-closure star operation w acts by
One has d ≤ w ≤ t ≤ v, where one writes * 1 ≤ * 2 if I * 1 ⊆ I * 2 for all I ∈ F (D). Under this partial ordering of star operations, d is the smallest star operation on D; v is the largest star operation on D; t is the largest finite type star operation on D, where * is of finite type if I * = {J * : J ⊆ I and J is finitely generated} for all I; and w is the largest stable finite type star operation on D, where * is stable if (I ∩ J) The reader is referred to [13] for proofs of the facts listed above.
Definition 3.1. Let D be an integral domain with quotient field K and n be a nonnegative integer. The norm N (a) of an ideal a of D is defined to be the cardinality |D/a| of the quotient ring D/a. Let Π n (D) denote the ideal 
We will write Π n = Π n (D) and with deg f n = n for all n is a regular basis of Int(D) if and only if I n (D) = a n D for all n, where a n is the leading coefficient of f n .
Next we examine properties of the characteristic ideals I n (D) and some consequences of the assumption that they are t-invertible.
Proof. It is well-known that I is t-invertible if and only if I is w-invertible. Suppose that I is w-invertible, so
It follows that
and therefore (ID p ) ( 
for every nonnegative integer n. Since the converse is clear, this proves (3).
Next, let p be a prime ideal of D that is not t-maximal of finite norm. Then
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Therefore
This proves (6) .
We prove (7)(a) by induction. Suppose that
n of D. Since I n−1 ⊆ I n , one has I ⊆ D. Let a ∈ I. One has af n ∈ II n ⊆ I n−1 , so there exists
with af n = g n−1 ∈ I n−1 . The polynomial h = af −Xg lies in Int(D) and has degree at most n − 1. By the induction hypothesis, one has g i−1 ∈ I n−1 and h i = af i −g i−1 ∈ I n−1 , and therefore af i ∈ I n−1 , for 0 ≤ i ≤ n−1. Therefore If i ⊆ I n−1 for all i ≤ n. Since I is w-invertible (being the product of two w-invertible fractional ideals), we have
and therefore f i ∈ I n , for all i ≤ n. Thus all of the coefficients of f lie in I n . This proves (7)(a). It follows that, for any r ∈ n! D , one has rI n ⊆ D,
). This proves (7)(b). To prove (7)(c), note that by (2) one has
Suppose now that D is polynomially L-regular. Statement (8)(a) follows from statement (3). Suppose that I n (D) is t-invertible, and let p be a prime ideal of D. If p is t-maximal, then (I n (D)) t D p = I n (D p ) is principal, and by Lemma 3.3 one also has [4] . We generalize that definition as follows. is generated by the factorial ideals n! D for all n; and the following conditions are equivalent.
(1) Int(D) has a regular basis. Since every nonzero fractional ideal of a Krull domain is t-invertible, the above corollary generalizes the same result already known for Krull domains. In Theorem 4.3 of the next section we will show that I n (D) is t-invertible for all n, and therefore the Pólya-Ostrowski group POG(D) is defined, for a much larger class of domains D, including, for example, all TV PVMDs.
The Pólya-Ostrowski group
In this section we use the results of the previous section to generalize the results of [3, Section II.3] on Dedekind domains to a much larger class of domains, including, for example, all TV PVMDs. For the remainder this paper we will be interested in the following conditions on an integral domain D.
(C1) D is polynomially L-regular.
(C2) For any nonnegative integer n there exist only finitely many t-maximal ideals p of D with N (p) ≤ n. (C3) Π q is principal for every prime power q.
(C4) Every t-maximal ideal of D of finite norm has finite height. (C5) Every t-maximal ideal of D of finite norm is t-invertible.
Note that (C2) implies that
and therefore Π n is the unique ideal of D such that, for any prime ideal p of D, one has Π n D p = pD p if p is t-maximal of norm n and Π n D p = D p otherwise. Following [3, Chapter II], for any nonnegative integer n and any integer k > 1 we let
Alternatively, by [3, Exercise II.8 and Lemma II.2.4] one has
where s is the sum of the digits of the k-adic expansion of n and v k (i) for any positive integer i is the largest nonnegative integer t such that k t divides i. The following result generalizes the above lemma to nonlocal domains.
Theorem 4.2. Let D be an integral domain satisfying conditions (C1), (C2), and (C3).
For every n let π n ∈ D be a generator of Π n . Then
is a generator of I n for all n, and therefore Int(D) has a regular basis. For all n and all k > 1, let F n = X n −X πn ∈ Int(D), and let
, where n = n 0 + n 1 k + · · · + n r k r is the k-adic expansion of n. Then F k,n has degree n and leading coefficient π
for all n, k. For every integer n > 1 there exist a 2,n , a 3,n , . . . , a n,n ∈ D such that
has degree n and leading coefficient σ n for every n, and therefore {G 0 , G 1 , G 2 , . . .} is a regular basis of Int(D).
which is a fractional ideal of D. Let p be a prime ideal of D. Suppose first that p is t-maximal of finite norm q. Then pD p = π q D p is principal, and therefore by Theorem 3.4(3) and Lemma 4.1 we have Theorem 4.3. Let D be an integral domain satisfying conditions (C1), (C2), and (C5). Then for every nonnegative integer n the fractional ideals I n , n! D , and Π n are t-invertible t-ideals, and one has
Moreover, the group POG(D) is generated by any of the following sets: {q! D : q is a prime power}; {I q : q is a prime power}; and {Π q : q is a prime power}. In particular, the following conditions are equivalent. Proof. Let
which is a well-defined fractional ideal of D. Let p be a prime ideal of D. If p is t-maximal of finite norm, hence t-invertible, then pD p is principal, and therefore by Theorem 3.4(3) and Lemmas 4.1 and 3.3 we have
If, on the other hand, p is not t-maximal of finite norm, then
Now Π n is a finite intersection, and product, of t-invertible t-maximal ideals and is therefore a t-invertible t-ideal. If J, J ′ are t-invertible fractional ideals, then so are J −1 and JJ ′ , and one has (
The given product for I n (D), then, implies that I n (D) is t-invertible, and therefore by Theorem 3.6 one has
−1 is also a t-invertible t-ideal, and one has
It follows that POG(D) is contained in the subgroup G 1 of Cl t (D) generated by the image of Π q for all prime powers q. Moreover, since w q (q) = 1, one has
so by induction on q the image of Π q in Cl t (D) for all q is in the subgroup G 2 of POG(D) generated by q! D for all q, and therefore
D for all q. The equivalence of statements (1) through (8), then, follows from these equalities of groups and from Theorem 3.6.
Remark 4.4. Let K be a finite Galois extension of Q. Then for any prime power q = p r , where p is a prime, one has the following.
(1) Π q = √ pO K if p is ramified in K and r equal to the inertial degree f p .
In particular, POG(O K ) is generated by √ pO K for the set of primes p dividing the discriminant ∆ K/Q , and Int(D) has a regular basis if and only if √ pO K is principal for all such p. Proof. By [8, Proposition 2.4] any domain of finite character or finite t-character is polynomially L-regular. To verify condition (C2) we may suppose that D is infinite. Let q be a power of a prime. Then there exists a ∈ R with a q − a = 0. For every maximal ideal p of norm q one has a q − a ∈ p, so since D is of finite character or of finite t-character there are only finitely many such p that are t-maximal. The lemma follows. An H domain is a domain in which every v-invertible ideal is t-invertible. Every TV domain is an H domain of finite t-character; we do not know if the converse holds, even for PVMDs. By the following corollary, Theorem 4.3 and Proposition 4.6 apply in particular to any H PVMD of finite t-character, hence to any TV PVMD. 
The global case
In this section we extend Proposition 2.2 to nonlocal domains. For the remainder of this paper we will use the following notation. 
is surjective, and its kernel is equal to the ideal J generated by X q,0 − X and X,k − X q,k − π q X q,k+1 for all q, k. Proof. Let ϕ denote the given D-algebra homomorphism, and let A = D[{X, X q,k : q is a prime power and k ∈ Z ≥0 ]/J.
The homomorphism ϕ induces a D-algebra homomorphism
We show that ψ is an isomorphism. Let p be a prime ideal of D. If p is not t-maximal of finite norm, then π q is a unit in D p for all q since Π q pD p , and
Thus, by [8, Lemma 2.2], the localization ψ p of ψ at p is the isomorphism
Suppose, on the other hand, that p is t-maximal of finite norm, say |D/p| = q. Then π q D p = pD p , and π q ′ is a unit in D p for all prime powers q ′ = q. It follows, then, that
. .]/I, where I is defined as in Proposition 2.2. Moreover, ψ p is the same as the homomorphism 
is surjective, and if D has finite Krull dimension then ker ϕ is equal to the ideal generated by X q i,k − X i,k − πX i,k+1 for all i, k. Theorem 5.5. Let D be an integral domain in the class C. For each q let π q be a generator of Π q and let
is surjective, and its kernel is equal to the ideal generated by X i,q,0 −X i and X q i,q,k − X i,q,k − π q X i,q,k+1 for all i, q, k.
Quotients of integer-valued polynomial rings
A ring A is said to be binomial if A is Z-torsion-free and is closed under the operation x −→ x(x−1)(x−2)···(x−n+1) n! on A ⊗ Z Q for every positive integer n. For example, any Q-algebra is binomial; any localization or completion of Z is binomial; and the domain Int(D X ) is binomial for any binomial domain D and any set X. Binomial rings were introduced by Philip Hall in his groundbreaking work [15] on nilpotent groups. Hall proved the existence of an action of any binomial ring on a class of nilpotent groups, generalizing exponentiation of elements of an abelian group by the integers and analogous to exponentiation of elements of a uniquely divisible group by the rational numbers. In [10] , it is shown that a binomial ring is equivalently (1) a λ-ring on which all Adams operations are the identity; (2) a Z-torsion-free ring A such that the Frobenius endomorphism of A/pA is the identity for every prime number p; (3) a Z-torsion-free ring isomorphic to a quotient of a (possibly infinite) tensor power of Int(Z); and (4) a Z-torsion-free ring isomorphic to a quotient of Int(Z X ) for some set X. In this section and the next we generalize the equivalences (2) through (4) above to domains more general than Z. Let D be an integral domain and A a D-algebra. Following [7] , we say that A is weakly polynomially complete, or WPC, if for every a ∈ A there is a D-algebra homomorphism Int(D) −→ A sending X to a. The problem we consider is to characterize the WPC D-algebras if D is a Krull domain (or Dedekind domain). Let us say that A is almost polynomially complete, or APC, if for every set X and for any (a X ) X∈X ∈ A X there exists a D-algebra homomorphism Int(D X ) −→ A sending X to a X for all X ∈ X. In other words, A is APC if and only if A is isomorphic as a D-algebra to a quotient of Int(D X ) for some set X. By [11, Propositions 7.4 and 7.7] , if A is a domain extension of D, then A is APC if and only if A is an almost polynomially complete extension of D in the sense of [11, Section 7] , that is, Int(D n ) ⊆ Int(A n ) for all positive integers n. Any quotient of an APC D-algebra is APC. Clearly any APC D-algebra is WPC; we suspect that the converse does not hold but do not know a counterexample. However, by [8, Theorem 3.11] and the universal property of tensor products, we have the following. Proposition 6.1. Let D be an integral domain and X a set. There exists a unique D-algebra homomorphism The WPC and polynomially complete extensions of a domain are studied, for example, in [2, Sections 5 and 6] , [3, Section IV.3] , [8] , [14] , and [11] .
The following result as a special case characterizes the WPC algebras over a discrete valuation domain. Proposition 6.2. Let D be a finite dimensional local domain with principal maximal ideal πD and finite residue field of order q. Let A be a D-algebra. Then A is WPC if and only if a q ≡ a (mod πA) for all a ∈ A.
Proof. Suppose first that A is WPC. Let a ∈ A, and let ϕ : Int(D) −→ A be a D-algebra homomorphism sending X to a. Since the polynomial f =
Define an infinite sequence a 0 , a 1 , a 2 , . . . recursively as follows. Let a 0 = a, and let a k+1 be any element of A such that a q k − a k = πa k+1 . Consider the unique D-algebra homomorphism (
for all a ∈ A and for every t-maximal ideal p of D of finite norm N (p). (3) a q ≡ a (mod Π q A) for all a ∈ A and for every prime power q.
Moreover, if D is in the class C, then the above conditions are equivalent to the following. (4) A is isomorphic as a D-algebra to a quotient of Int(D X ) for some set X.
Proof. The proof is a straightforward extension of the proof of Proposition 6.2.
Local versus global behavior
In this section we investigate the local/global behavior of WPC algebras, and we characterize the "locally WPC" algebras over any Krull domain. (3) Suppose that P is a set of prime ideals of
Proof. This is clear. 
Because any localization of a domain D at a multiplicative subset is a flat WPC D-algebra, we have the following corollary. (1) A is locally WPC. Any domain D in the class C satisfies the hypothesis of the following theorem. Suppose first that A is locally WPC, so A p is a WPC D p -algebra for every prime ideal p of D. Let p be a t-maximal ideal of D of finite norm q = N (p), and let a ∈ A. Since q = |D p /pD p |, by Proposition 6.2 one has a q ≡ a (mod pA p ). Therefore a q − a ∈ pA p , so there exists u p ∈ D\p so that u p (a q − a) ∈ pA. Let v p ∈ D\p with v p u p ≡ 1 (mod p). Then
whence a q ≡ a (mod pA). Suppose, conversely, that a N (p) ≡ a (mod pA) for all a ∈ A and for every tmaximal ideal p of D of finite norm. Then for all a ∈ A and u ∈ D\p one has a N (p) u ≡ au N (p) (mod pA p ) and therefore (a/u) N (p) ≡ a N (p) /u N (p) ≡ a/u (mod pA p ).
Therefore x q ≡ x (mod pA p ) for all x ∈ A p , where q = |D p /pD p |, so A p is a WPC D p -algebra by Proposition 6.2. Thus A is locally WPC by Lemma 7.4. ( 
